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Abstract

Three-dimensional numerical simulations on the laminar flow around a circular cylinder with different diameter
along the spanwise leading to a type of sinusoidal waviness, named wavy cylinder are performed at low Reynolds
number. A series of wavy cylinders with different combinations of spanwise wavelength and wave amplitude are
conducted at a Reynolds number of 100. The optimal range of wavelength and the effect of wave amplitude are
obtained. The results show that the 3-D free shear layers from the cylinder are more difficult to roll up to vortex and
hence the wake formation lengths of some typical wavy cylinders are larger than that of the circular cylinder and in
some cases the free shear layers even do not roll up into vortex behind the cylinder. The mean drag coefficients of the
typical wavy cylinders are less than that of a corresponding circular cylinder with the same mean diameter; also the
fluctuating lift coefficients are reduced. The reduction of mean drag coefficient and fluctuating lift coefficient of wavy
cylinder increases with the value of wavy amplitude. Furthermore, a typical wavy cylinder model at Re=150 is also
simulated and found that the control of flow induced vibration by modifing the spanwise wavelength of cylinder has a
relationship with the variation of Reynolds number.
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1. Introduction

Flow induced vibration (FIV) around cylindrical
bluff bodies is a common problem in the general area
of fluid-structure interaction. It includes many com­
plex phenomena. The alternate vortices shedding
from these bluff bodies generate oscillation effects
which will give rise to the bluff body vibration and
drag force generation. How to well control the vor­
tices shedding is a challenging problem in the area
drag reduction and FIV suppression. Over the past
few years, many experimental investigations have
been carried out on flow around different cylindrical
bodies such as (Tombazis and Bearman, 1997;
Bearman and Owen, 1998; Owen et al., 2000; Owen

'Corresponding author. Tel.: +852 2766 6649, Fax.: +852 2365 4703
E-mail address:mmklam@polyu.edu.hk

et al., 200 I). Darekar and Sherwin numerically in­
vestigated the flow past a square cylinder with a wavy
stagnation face at low Reynolds numbers (Darekar
and Sherwin, 200 I). The steady nature of the near
wake is associated with a reduction in total drag of
about 16% at a Reynolds number of 100 compared
with the straight, non-wavy square cylinder. They
showed that the unsteady and staggered Karman
vortex wake could be suppressed into a steady and
symmetric structure due to the waviness of the square
cylinder. They also suggested that the introduction of
a span-wise waviness at a wavelength close to the
mode-A spanwise wavelength and the primary
streamwise wavelength of the flow behind the straight
square cylinder would lead to the suppression of the
Karman street with a minimal input amplitude.

Based on the geometric disturbance ideas, a
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circular cylinder with different diameter along the
spanwise, named wavy cylinder has been studied. In
the experimental area, Ahmed et al. experimentally
investigated the surface-pressure distributions of
wavy cylinders with different spanwise wavelengths
and the turbulent wake behind a wavy cylinder
(Ahmed and Bays-Muchmore, 1992; Ahmed et aI.,
1993). But the drag reduction and suppression of
vibration were not discussed. Lam et a!. investigated
the relation between the wave spanwise length of
wavy cylinders and drag force by measuring aero­
dynamic forces using a load cell and pressure dis­
tributions (Lam et aI., 2004a; Lam et aI., 2004b).
They found that drag reduction of up to 20% could be
achieved by adjusting the amplitude and wave length
of the cylinder at the range of Reynolds numbers
from 20,000 to 50,000. Furthermore, they also found
that the wavy geometry played an important role on
vortex formation length which has a strong relation
with the effect of drag reduction and vortex shedding
suppression. The vortex formation length of the wavy
cylinder is longer than that of the circular cylinder. It
gives rise to the reduction of the drag force. At the
nodal and saddle plane, the streamwise velocity
distributions are very different compared with a
circular cylinder. Flow visualization studies were also
carried out at lower Reynolds number to visualize the
vortex structure. Nguyen et a!. investigated the near
wake behind a wavy cylinder. A drag reduction up to
22% at the Reynolds number of 10,000 was obtained
(Nguyen and lee, 2004). Also they also showed that
the longer vortex formation region of the wavy
cylinder seems to be related with drag reduction. At
the same Reynolds numbers, the vortex formation
length is longer and the turbulent intensity is smaller
than the circular cylinder. Recently, Zhang et al.
(2005) investigated the three-dimensional near wake
structures behind a wavy cylinder by using particle
image velocimetry (PIV) technique at the Reynolds
number of 3000 (Zhang et aI., 2005). Along the span
of wavy cylinder, well-organized streamwise vortices
with alternating positive and negative vorticity were
observed. They suppress the formation of the large­
scale spanwise vortices and decrease the overall
turbulent kinetic energy in the near wake of the wavy
cylinder. The wavy surface geometry significantly
modifies the near wake structure and strongly
controls the 3D vortices formed in the near wake.

All the researches above are only set at a small
region of the wavelength along the spanwise direction,

while the optimal range of wavelength which can
well suppress the vortex was not found. Furthermore,
the amplitude of the wave line also plays an important
role in control the vortex shedding from the wavy
cylinders. And the three-dimensional vortices struc­
tures can not be illustrated clearly. In present study,
we focus on investigating the three-dimensional
vortex structures behind different wavy cylinders at
the low Reynolds number by numerical method
which can well capture the three dimensional vortex
structures and all other instantaneous valuable data,
such as drag, lift, pressure and velocity etc. The
relationship between spanwise wavelength, wave
amplitude and force coefficients will be investigated.
The optimal range of the wave length will be obtained
and also the three-dimensional vortex structures will
be captured.

2. Geometry models

The geometry of the wavy cylinders can be
described by the equation, D = D'; + 2acos(2nzIJ).
Figure I shows the schematic diagram of the wavy
cylinder, where D is the local diameter of the wavy
cylinder along the spanwise direction, the mean
diameter is defined with Dm = (Dmux + Dmm)/2, 'a' is
the amplitude of the surface curve, 'J' is the
wavelength along the spanwise direction and "z ' is the
spanwise location. As shown in Fig.l, the axial
locations (spanwise locations) with maximum local
diameter are referred to 'nodes', while the axial
locations of the minimum diameter are denoted
'saddles'

3. Numerical method

In present study the finite volume method (FVM)
applied on unstructured grids is employed to calculate
the incompressible unsteady Navier-Stokes equations.
The governing equations can be written in vector
form as

I I

t t t ++++++ Flow

Fig.!. Geometry of wavy cylinder models.
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Table I. Grid independent test together with other results of a
circular cylinder at Re= I00.

x/D",

Fig. 2. Computational mesh for wavy cylinder on the x-y
plane.

Test
Circum Grid Co C- St
ference numbers

L
Cpb

Present
100 571200

1.3 0.2 0.1 0.7
case I 40 34 65 26

Present
120 649600

1.3 0.2 0.1 0.7
case 2 39 35 64 26

Present
140 728000

1.3 0.2 0.1 0.7
case 3 40 32 64 25

Williamson
Exp.

0.1
(1989) 64

Henderson
Exp.

0.7
(1995) 3

Park (1998) Num.
1.3 0.3 0.1 0.7
3 3 65 4

Zhang & Num. 1.3 0.2
Dalton (1998) 3D 2 3
Sharman et a1. Num. 1.3 0.2 0.1 0.7

(2005) 20 3 3 64 2

4. Results and discussions

spanwise direction. And no-slip boundary condition is
prescribed at the surface of cylinders. The lateral
surfaces are treated as slip surfaces using symmetry
conditions. In order to obtain the goveming equations
and different quantities in the non-dimensional form,
the solution variables are normalized. All the para­
meters such as drag and lift coefficient, geometrical
lengths, etc are scaled with Dm•

For computation, the flow domain is divided into a
number. of unstructured hexahedral grids. The gird is
nonuniform on the x-y plane but uniform along the z
direction. As shown in Fig. 2, the gird is clustered
near the cylinder and the spacing is increased in a
proper ratio away from the cylinder on the x-y plane.
The accuracy of computational results is highly
dependent on the mesh size and cell numbers. The
results of grid test calculations are shown in Table 1.
There are three test cases are constructed with the
mesh numbers set to 100, 120 and 140 around the
cylinder circumference, respectively. The height of
spanwise direction (z-direction) is set to 6 Di; The
uniform layers of 64 are used along the z-direction.
Compared with the experimental and numerical
results of the circular cylinder at Re= 100, the mean
drag coefficient Co, the fluctuating lift coefficient
c. ' the Strouhal number St and the base pressure

I.

coefficient Cpb are all consistent with the results of
experimental and numerical results (Williamson,
1989; Henderson, 1995; Park et al., 1998; Zhang and
Dalton, 1998; Sharman et al., 2005). In present
calculations, the gird numbers hase on the grid size of
case 2 is adopted to calculate all the wavy cylinder
cases. All of the present simulations are carried out
with a fixed nondimensional time step i'J.t -= iu; /D",

= 0025. Further more, the spanwise height of the
computational domain is equal to one wavelength "A"
of the wavy cylinder. Tests are also performed with
two, three and four wavelengths but don't show any
difference in the forces and wake topology. So that
only one wavelength height is chosen for the case of
saving the computational time.

For the wavy cylinders, a series of computational
investigations have been carried out at a Reynolds
number of 100 for different values of a/Dm and YDm•

All these investigations were compared with a
circular cylinder at the same Reynolds number. To
study the effect of variation of YDm, the time histories

(I)

(2)

2010-10

-511
-10

au n n 1,
-+u· vu=-vp+-'V·uat Re
'V'u=o

loll

where Re is the Reynolds number, Re=U",Dm / v. U",
is the oncoming flow velocity, v is the fluid
kinematics viscosity, u is the non-dimensional flow
velocity vector in the Cartesian coordinate system (x,
y, z) with its three velocity components u, v and w,
andp is the non-dimensional static pressure. The well
known SIMPLE algorithm was used to deal with the
pressure velocity coupling between the momentum
and the continuity equations. The computational do­
main used for the simulations was set at 24Dmx

32DmxA. The velocity at upstream boundary of the
computational domain is set 12Dm away from the
centre line of cylinders, while the convective outflow
boundary condition is used at the outflow boundary. A
periodic boundary condition is employed in the

ylD", 0
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of the drag and lift coefficient are shown in Fig. 3.
Compared with a circular cylinder, it can be clearly
seen that the drag coefficient decreases sharply with
increasing the value of wavelength for YDm<5, while
increases with the increasing the values of wave­
length for YD m>7. In the range of YD m=5 to 7, the
drag coefficient reaches a minimum value. This result
is similar to the case of the wavy square cylinder at
the same Reynolds number (Dareker and Sherwin,
2001). The lift coefficients of wavy cylinders are also
suppressed corresponding with the drag reduction. In
the range of YDm=5 to 7, the lift fluctuations are close
to zero. Hence, the optimal value of YDm for drag
reduction is in the range of YD m=5 to 7.

Apart from the effect of different YD m, the wavy
amplitude a/Ii; also plays an important role in drag
reduction. As shown in Fig. 4, the time histories of
drag and lift coefficients of the wavy cylinders were
obtained. By increasing in the amplitude of the
waviness a/Dm , both the drag coefficient and lift
fluctuation of wavy cylinder are also reduced. Further
the rate of reduction of drag coefficient becomes slow
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Fig. 4. Variation time histories of the drag and lift coefficients
for wavy cylinders with different values of a/Ds; at AID", =
5.5.
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Fig. 3 Variation time histories of the drag and lift coefficients
for wavy cylinders with different values of AID", at a/D; =
0.1.

Fig. 5. The contours of instantaneous spanwise vorticity of
the wavy cylinder at nodal (a) and saddle plane (b) compared
with a circular cylinder (c) at Re=IOO, AID", =5.5, aID",=0.25.
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1.4 ,-----------------,

coefficient reduction and suppression of the FlY.
The results for the variation of the mean drag

coefficient and fluctuating lift coefficient with respect
to the wave length NDm and wave amplitude alDm are
summarized in Fig. 6. The amplitude of lift fluc­
tuations decreases as the drag efficient decreases.
When the values of wavelength AlDm are from 5.5 to
6.0, the fluctuating lift coefficient approaches zero and
and the periodic shedding is completely suppressed.
At the range of AlDm < 5.5, the mean drag coefficient
decreases quickly with increase in the value of AlDm

and so is the fluctuating lift coefficient. However, the
mean drag coefficients and fluctuating lift coefficient
increased with the increasing for AlDm at the range of
AlDm > 6.0. So the optimal range is between 5.5 and
6.0. Furthermore, it can be seen that the effect of AlDm

for the drag reduction become smaller with the
increase in a/Ir.; The maximum mean drag co­
efficient reduction of the wavy cylinder up to 18% is
obtained at the range of AlDm =5.5-6.0 for a fixed
value of a/Ir; =0.25 and the value of fluctuating lift
coefficients are close to zero.

From the discussion above, the instantaneous
vortex structures or the development of the vortex
sheets are shown in Fig. 7. At AlDm=3 [Fig. 7(a)] the
vortices have waviness due to the wavy structures,
but the basic structures are not too much different
from the normal two-dimensional vortex shedding of
the circular cylinder [Fig. 7(£)]. For the case of
AlDm=5.5, however, the wake structure is significantly
deformed and periodic shedding process is
completely suppressed [Fig. 7(c, h)]. At AlDm=4, 7
and 9 [Fig. 7(b, d, e, g, i, j)], the wake returns to an
unsteady periodic state at further downstream. We can
see that the structures of them are more complicated
than for the cases of AlDm=3 and }/Dm=5.5. It is
believed that there exists an intrinsic preference of the
spanwise wavelength significantly affects the natural
flow structure when it matches the preferred
wavelength. Furthermore, the wake formation lengths
of some typical wavy cylinders are larger than that of
the circular cylinder and little shedding appeared.

The range of AlDm =5.5-6.0 is little bigger than the
mode-A wavelength of circular cylinders, it suggests
that a wavelength which close to the mode-A
wavelength of circular cylinders can suppress even
prevent the Karman vortex shedding. It also explains
that why the cylinders with certain spanwise waviness
could have a significant effect on the drag reduction
and a corresponding suppression of cylinders vibration.

----II- aiD.=0.10
--0-- alD.=0.25
- - - - - - circular

____ a/O.=0.10

---0-- aiD.=0.25
- - - - - - circular

1.3

12

0.2

0.15

0.25 ,-----------------,

co

o

when a/Ir; is greater than 0.1. At the range of a/D,»
0.25, the fluctuating lift forces are close to zero.

To investigate the reasons of drag reduction, the
instantaneous spanwise vorticity of the wavy cylinder
(AlDm=5.5, aIDm=0.25) at both nodal and saddle
planes are shown in Fig. 5 compared with that of a
circular cylinder. It is evident to fmd that the flow is
steady and a pair of symmetric vortices forms in the
near wake of the wavy cylinder, while for circular
cylinder, the periodic Karman vortex shedding behind
the cylinder is observed. At the saddle plane of the
wavy cylinder, the wake width is different from that
of the nodal plane. This kind of wavy surface
generates a three-dimensional vortex sheet which
significantly modifies the near wake vortex structures.
Such 3-D vortex sheet is more difficult to roll up into
vortex. As a result, it rolls up into mature 3-D vortex
at further downstream giving rise to a longer forma­
tion length. The transformation of the two-dimen­
sional vortex sheet into three-dimensional vortex
sheet strongly control the three-dimensional vortices
formed in the near-wake of the wavy cylinder. Such is
the physical reason behind the effect of the drag

u~ 0.1

0.05

6 10

MOm

Fig. 6. Mean drag coefficients and fluctuating lift coefficients
of wavy cylinders compared with a circular cylinder at
Re=lOO.
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(f) (g) (h) (i) U)
Fig. 7. Instantaneous spanwise vortex structures with different values of AID", and a/D'; compared with a circular cylinder at
Re=IOO. (a-e) AID", equal to 3, 4, 5.5, 7, 9 respectively with a/Di; of 0.1; (f) circular cylinder; (g-j) AID", equal to 4,5.5,7,9
respectively with a/Ii; of 0.25.

(a) (c)

(b) (d)
Fig. 8. Instantaneous vortex structures of wavy (AID", =6, aID",=0.15) and circular cylinder at Re= I00 (a, b) and Re= 150 (c,d),
respectively.

Furthermore, the vortex patterns of the typical
wavy cylinder model ()JDm =6, a/Dm=0.15) and a
circular cylinder model at Re=150 are shown in Fig.8.
Compared with the wake pattern of wavy cylinder at
Re= I00, the complicated three-dimensional vortex
structures appear at Re=150 [Fig. 8(c)]. From this
figure, we can conclude that the vibration control by
modifying the spanwise wavelength of the cylinder
has a relationship with the variation of Reynolds
number.

5. Conclusions

In present investigation, the main three-dimen­
sional numerical simulations were used to calculate
the laminar cross flow around wavy cylinders with
different values of YD m and a/Ir.; at Re=lOO. It was
found that, this kind of wavy surface with some
typical values of YD m and a/D'; can significantly

modify the tree shear layer development and control
the three-dimensional vortices formed behind the
wake cylinder. As a result, it weakens the vortex
shedding behind the wavy cylinders and increases the
base pressure of the cylinder. The mean drag
coefficients of the wavy cylinders are less than that of
a corresponding circular cylinder, and the fluctuating
lift coefficients are suppressed. The simulations
explain why the cylinders with certain spanwise
waviness could have a significant effect on drag
reduction and a corresponding suppression of
cylinders vibration. Furthermore, the optimal range of
the wavelength was found to be at )JD m =5.5-6.0,

which would give the greatest effects in drag
reduction and FlY suppression. At this range, the
maximum mean drag coefficient reduction of the
wavy cylinder is up to 18% for a constant value of
a/D m=0.25 and the value of fluctuating lift coefficient
is close to zero. It suggests that a wavy length which
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close to the mode-A wavelength of circular cylinders

can suppress even prevent the Karman vortex

shedding. Furthermore, the wavy cylinder with a

large value of a/Ir.; can result in bigger drag reduction

and suppression of the fluctuating lift. Furthermore, a

typical wavy cylinder model at Re>150 was also

simulated. And found that the flow induced vibration

control by modifying the spanwise wavelength of the

cylinder has a relationship with the variation of

Reynolds number. All the results above explained

why some cylinders with certain spanwise waviness

and wavy amplitude could have a significant drag

reduction and suppression of fluctuating lift co­

efficient for the prevention of the cylinder vibration.
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